Abstract. Let G be a minimal locally compact groupoid with compact metrizable unit space and let E be a continuous G-Hilbert bundle. We show that a bounded continuous cocycle c : G → r * E is necessarily a continuous coboundary. This is a groupoid version of a classical theorem of Gottschalk and Hedlund.
Introduction.
D. Coronel, A. Navas and M. Ponce have recently given in [6] a generalization of the classical Gottschalk-Hedlund theorem on bounded cocycles to affine isometric actions on a Hilbert space. The present work gives a groupoid version of their result. First, instead of a semigroup Γ acting by continuous maps on a space X, our dynamical system is given by a locally compact groupoid G. Second, instead of a single Hilbert space, we consider a G-Hilbert bundle. Going from a dynamical system (Γ, X) to a topological groupoid G is only a minor variation. The main difficulty will be to pass from a constant Hilbert bundle to a continuous field of Hilbert spaces.
Let us first recall what the Gottschalk-Hedlund theorem [11, Chapter 14] says. Theorem 1.1. (Gottschalk-Hedlund) Let T be a minimal continuous map on a compact space X and let f : X → C be a continuous function. Then the following properties are equivalent:
(i) there exists a continuous function g : X → C such that for all x ∈ X, f (x) = g(x) − g(T x); (ii) there exists x ∈ X and M ∈ R such that for all n ∈ N,
(iii) there exists M ∈ R such that for all x ∈ X and for all n ∈ N,
Let us fix a point of terminology: compact means here quasi-compact and Hausdorff; locally compact means that each point has a compact neighborhood. A locally compact space is not necessarily Hausdorff. An easy generalisation of this theorem is given in [15] in the language of groupoids and cocycles. For example, given (T, X) as above, one can consider the topological groupoid G(X, T ) = {(x, m − n, y) : x, y ∈ X, m, n ∈ N T m x = T n y} with range and source maps r, s : G(X, T ) → X given respectively by r(x, k, y) = x and s(x, k, y) = y, multiplication (x, k, y)(y, l, z) = (x, k + l, z), inverse map (x, k, y) −1 = (y, −k, x) and basic open sets of the form U(U, V, m, n) = {(x, m − n, y) : (x, y) ∈ U × V T m x = T n y}.
A function f : X → A, where A is an abelian group defines c f : G(X, T ) → A according to
This is a cocycle (with respect to the trivial action of G on A): c f (γγ ′ ) = c f (γ)+c f (γ ′ ) for all composable pairs (γ, γ ′ ). This cocycle is a coboundary if and only f is a coboundary, i.e. of the form f = g − g • T : then c f = g • r − g • s. Let us assume that A is a topological group. The cocycle is continuous if and only if f is continuous; it is said to be a continuous coboundary if the function g can be chosen continuous. Let us recall that a topological groupoid G with unit space X is said to be minimal if ∅ and X are the only open invariant subsets of X. Here is a groupoid version of the Gottschalk-Hedlund theorem adapted from Theorem 1.4.10 of [15] . Theorem 1.2. Let G be a minimal topological groupoid with compact unit space X and let A be a topological abelian group without non-trivial compact subgroup. For a continuous cocycle c : G → A, the following properties are equivalent:
(i) there exists a continuous function g :
Remark 1.1. The extra assumption, namely that G admits a cover of continuous G-sets, made in [15] is in fact not needed. However, our standing assumption for topological groupoids is that the range and source maps are open. The above groupoid G(X, T ) satisfies this assumption only if T is an open map.
The above setting is unsatisfactory: the natural data for continuous groupoid cohomology (see for example [17] ) consist of:
• a topological groupoid G over a topological space X, • a space of coefficients (or G-module) A, which is a continuous bundle of topological abelian groups A x over X endowed with a continuous G-action, i.e. G acts by isomorphisms L(γ) : A s(γ)) → A r(γ) and the action map G * A → A is continuous. The above theorem only covers the case when A is a constant bundle endowed with a trivial action. We refer the reader to [14] for the definition of a groupoid action.
In this framework, a (one-)cocycle is a section c :
It is a coboundary if there exists a section f :
Let us denote by A(c) this G-affine space. More generally, a G-affine space over A is a space Z endowed with a left action of G and a right principal action of A (written additively) such that
The choice of a section f for r : Z → G (0) gives a cocycle
which identifies Z with A(c): f becomes the zero section. Up to a coboundary, the cocycle depends only on the isomorphism class of the G-affine space Z. A G-affine space over A is said to be trivial if it is isomorphic to A; this is equivalent to the existence of a G-equivariant section f .
We are interested in the case when the space of coefficients is a G-Hilbert bundle. We shall assume here that our Hilbert spaces are complex Hilbert spaces but our proofs and results hold for real Hilbert spaces as well. The scalar product, which is chosen to be linear in the second variable, is denoted by (u|v) and the associated norm is denoted by u . We shall deal with a family (E x ) x∈X of Hilbert spaces; when there is no ambiguity, we shall omit the index x in (u|v) x and in u x . We shall use [8] and [10] as references to Hilbert bundles. Let us recall the definition of a Hilbert bundle given in [10, II.13.5] as a particular case of a Banach bundle: Definition 1.1. Let X be a topological space. A Banach [resp. Hilbert] bundle over X is a pair < E, π > where E is a topological space called the bundle space, and π : E → X is a continuous open surjection called the bundle projection, together with operations and norms making each fiber E x = π −1 (x) into a Banach [resp. Hilbert] space, and satisfying the following conditions:
It is assumed in [10] that X is Hausdorff. We shall make the weaker assumption that X is locally Hausdorff (every point has a Hausdorff neighborhood) and shall apply results of [10] to the reduction of E to Hausdorff subspaces of X. Elements of E will be denoted by u or by (x, u) where x = π(u). An important result (see Appendix C of [10] ) says that when X is paracompact, there are sufficiently many continuous sections, i.e. for all (x, u) ∈ E, there is a continuous section f : X → E such that f (x) = u. The related notion of continuous field of Banach spaces developed in [8] (see also [7, 10.1] ) privileges continuous sections. Both notions -Banach bundle and continuous field of Banach spaces -are equivalent when the base space X is paracompact. One can recover the topology of E from the space C(X, E) of continuous sections as follows: g ∈ C(X, E), V open subset of X and ǫ > 0 define a "tube"
The family of these tubes form a base for the topology of E ([10, Theorem II. 13 .18]). When X is locally paracompact (every point has a paracompact neighborhood), we consider continuous sections g : V → E where V is open and paracompact instead of global continuous sections. For the sake of simplicity, we shall always assume that the base space of the bundle is locally compact. When E is a Hilbert bundle over a locally compact Hausdorff space X, the space E = C 0 (X, E) of continuous sections vanishing at infinity is a Hilbert C 0 (X)-module, where C 0 (X) is the C*-algebra of complex-valued continuous functions vanishing at infinity endowed with the sup-norm: given h ∈ C 0 (X) and
Let us turn to the definition of a G-Hilbert bundle. From now on G designates a topological groupoid with unit space X. Definition 1.2. A G-Hilbert bundle is a Hilbert bundle π : E → X together with a continuous action G * E → E, where as usual,
The theory of induced representations provides a justification for studying G-Hilbert bundles. For example, if E is a H-Hilbert space, where H is a closed subgroup of a locally compact group G, then the quotient (G × E)/H, where H acts by the diagonal action h(g, e) = (gh −1 , L(h)e) is an equivariant G-Hilbert bundle over G/H; equivalently, it is a G×G/H-Hilbert bundle, where G×G/H is the groupoid of the left action of G on G/H. A trivialization of this bundle would often require a continuous section of the quotient map G → G/H, which may not exist.
We can now state our theorem. Theorem 1.3. Let G be a minimal locally compact groupoid on a compact metrizable space X, let E be a continuous G-Hilbert bundle and let c : G → r * H be a continuous cocycle. Assume that E is second countable. Then the following properties are equivalent:
(i) c is a continuous coboundary,
These properties have a nice interpretation in terms of the G-affine space E(c). As we have seen earlier, condition (i) says that E(c) is trivial or, equivalently, admits a Gequivariant continuous section. Condition (ii) says that there exists a bounded G-orbit in E(c). Condition (iii) says that all G-orbits in E(c) are bounded. The implications
When G is a group, this theorem is a well-known result (see for example [4, Proposition 2.2.9]). In fact, it is valid for a much larger class of Banach spaces than Hilbert spaces (we still assume that the action is isometric!). U. Bader, T. Gelander and N. Monod have recently shown in [3] that it is true for Banach spaces which are L-embedded. When G = G(X, T ) as above and E = X ×C with the trivial G-action, this is Theorem 1.1. The situation studied by Coronel, Navas and Ponce is essentially the case when E = X × F , where F is a fixed Hilbert space, is a constant Hilbert bundle (but on which G acts nontrivially). More precisely, they consider a skew action of a semigroup Γ on X × F where g ∈ Γ acts continuously on X × F according to g(x, v) = (g(x), I(g, x)v), where I(g, x) is an isometry of F and satisfies
Under additional assumptions on the dynamical system (Γ, X), this can be put into the groupoid setting along the lines of [9] .
We shall prove that (ii) ⇒ (i), namely the existence of a bounded G-orbit in E(c) implies the existence of a G-equivariant continuous section. Our proof is modelled after [6, Section 4] and consists of two steps. First, we show that E(c) admits a G-equivariant weakly continuous section. Secondly, we show that a G-equivariant weakly continuous section is automatically continuous.
Existence of a G-equivariant weakly continuous section.
The main task is to define the weak topology on the bundle space E of a continuous Hilbert bundle over a topological space X. It is easy to do when E = X × F is a constant bundle: then we just consider the product topology X × F σ , where F σ is the Hilbert space F endowed with the weak topology.
Proposition 2.1. Let E be a Hilbert bundle over a locally compact space X and let (x, u) ∈ E. Then the sets
where V is a compact neighborhood of x, for all i = 1, . . . , n , f i : V → E is a continuous section and ǫ > 0, form a fundamental system of neighborhoods of (x, u) for a topology of E.
This topology is called the weak topology of E. When E is endowed with the weak topology, it is denoted by E σ . The original Hilbert bundle topology is called the strong topology. We let the reader check that the strong topology is finer than the weak topology.
Proof. One checks that the family V(x, u) of subsets of E containing some U(V ; f 1 , . . . , f n ; ǫ) satisfies the axioms (
One can also check that E σ = X × F σ when E = X × F , where F is a fixed Hilbert space.
Proposition 2.2. Let E be a Hilbert bundle over a compact space X. Let E = C(X, E) be the Banach space of continuous sections of E, equipped with the sup-norm. Then, the map (id X , j) : E σ → X × E * σ , where E * σ is the dual Banach space E * endowed with the * -weak topology and where j : E → E * is the evaluation map < j(x, u), f >= (u|f (x)) for (x, u) ∈ E and f ∈ C(X, E), is a homeomorphism onto its image.
The map is continuous with respect to the weak topologies: if the net (x i , u i ) converges to (x, u) in E σ , then x i converges to x in X; for f ∈ C(X, E), < j(x i , u i ), f >= (u i |f (x i )) converges to (u|f (x)) =< j(x, u), f > by definition of the weak topology of E. Conversely, if x i converges to x in X and j(x i , u i ) converges to j(x, u) in E * σ , then by definition, (x i , u i ) converges to (x, u) in E σ . Definition 2.1. We say that a subset A of the bundle space E of a Hilbert bundle is bounded if the norm function is bounded on A.
Lemma 2.3. Let E be a Hilbert bundle over a locally compact space X. Assume that the net (x i , v i ) (based on some directed set J) is bounded and converges to (x, v) in E σ and that the net (x i , e i ) (based on the same J) converges to (x, e) in E. Then, the net (v i |e i ) converges to (v|e).
Proof. Choose a compact neighborhood V of x. Choose a continuous section f :
By continuity of the addition in E, f (x i ) − e i tends to 0. By definition of the weak convergence, |(v i |f (x i ) − (v|f (x))| tends also to 0.
Note that this lemma gives another definition of the weak convergence of a bounded net (x i , v i ). The next lemma generalizes a well-known characterization of strongly convergent nets in Hilbert spaces.
Lemma 2.4. Let E be a Hilbert bundle over a locally compact space X. Let (x i , u i ) be a net in E and let (x, u) be an element of E. Then the following conditions are equivalent:
Proof. The implication (i) ⇒ (ii) is clear. Suppose that (ii) holds. Choose a compact neighborhood V of x and choose a continuous section f : V → E such that f (x) = u. By definition of the weak convergence, (f (x i )|u i ) → (f (x)|u) = u 2 . Therefore:
tends to 0. According to [10, Proposition 13.12] , this implies that (x i , u i ) tends to (x, u) strongly.
We are interested in continuity properties of sections of a Hilbert bundle E. Given an arbitrary section f : X → E, we can define a map < f | which sends a section g to the scalar function < f, g > (x) = (f (x)|g(x)) and a mapf : E → C which sends (x, u) ∈ E to (f (x)|u). We have: Proposition 2.5. Let E be a Hilbert bundle over a compact metrizable space X. Let f : X → E be a section. Then the following conditions are equivalent:
(i) f is weakly continuous; (ii) < f | sends C(X, E) into C(X); (iii)f : E → C is continuous with respect to the strong topology.
Proof. The equivalence of (i) and (ii) results directly from the definition of the weak topology. Let us show that (i) ⇒ (iii). Let f : X → E be weakly continuous. According to [12, Proposition 1.1.9] (this is the only place where the metrizability of X is used), f (x) x is bounded on X. Suppose that (x i , u i ) converges to (x, u) in E. According to Lemma 2.3, (f (x i )|u i ) converges to (f (x)|u). This proves the continuity off . The implication (iii) ⇒ (ii) is clear, because, for g ∈ C(X, E), < f, g >=f • g.
There is an analogous characterization of (strongly) continuous sections: Proposition 2.6. Let E be a Hilbert bundle over a compact space X. Let f : X → E be a section. Then the following conditions are equivalent:
(i) f is strongly continuous; (ii) < f | is an adjointable C(X)-linear map from C(X, E) into C(X); (iii)f : E → C is continuous with respect to the weak topology.
Proof. The only possible candidate for the adjoint of < f | : C(X, E) → C(X) is the map |f >: C(X) → C(X, E) sending h ∈ C(X) to hf . This map exists if and only if f ∈ C(X, E). This proves the equivalence of (i) and (ii). The implication (i) ⇒ (iii) results from the definition of the weak topology. Suppose that (iii) holds. Let us show that f is strongly continuous. The continuity off : E σ → C implies the continuity off : E → C; according to Proposition 2.5, f is weakly continuous. Therefore, if
2 . According to Lemma 2.4, this implies that f (x i ) tends to f (x) strongly.
Assume that X is compact metrizable. The space C(X, E σ ) of weakly continuous sections can be identified with the space of C(X)-linear bounded maps from C(X, E) to C(X). It agrees with C(X, E) if and only if C(X, E) is a self-dual Hilbert module. This is the case for example when E is a vector bundle in the usual sense (i.e. locally trivial finite dimensional) but also when X is reduced to a point. Proposition 2.7. Let E be a Hilbert bundle over a topological space X. For 0 < R < ∞, we define the cylinder
Proof. Let us assume that X is compact. Since (id X , j)(C R ) is contained in X ×B R , where B R is the closed ball of radius R of E * which is * -weakly compact, it suffices to show that (id X , j)(C R ) is closed in X × E * σ . Let (x i , u i ) be a net in C R such that (x i , j(x i , u i )) converges to (x, ϕ), where ϕ ∈ E * . Then x i converges to x. Let us show that ϕ = j(x, u) for some u ∈ E x . For that, it suffices to show that < ϕ, f >= 0 for all f ∈ C(X, E) such that f (x) = 0. Let f and ǫ > 0 be given. There exists a neighborhood V of x such that f (y) ≤ ǫ/R for all y ∈ V . For i large enough, x i belongs to V , thus
which implies | < ϕ, f > | ≤ ǫ and < ϕ, f >= 0. Let us assume that X is locally compact. Let (x i , u i ) be a net in C R which converges weakly to (x, u). The point x has a compact neighborhood V . For i large enough, x i belongs to V and (x i , u i ) belongs to the cylinder C R (E V ) of the reduction E V of E to V , which is compact. Since a net which is weakly convergent in E V is also weakly convergent in E, the limit (x, u) belongs to the cylinder C R (E V ).
Corollary 2.8. Let E be a Hilbert bundle over a compact space X. Then bounded subsets are relatively compact in E σ . Definition 2.2. We say that a subset A of the bundle space E of a Hilbert bundle over X is fiberwise convex if for every x ∈ X, A x def = A ∩ E x is convex. Proposition 2.9. Let E be a Hilbert bundle over a locally compact space X. Given a bounded subset A of E, there exists a smallest fiberwise convex and weakly closed subset of E containing A. It is bounded. This subset will be called the convex hull of A and denoted by conv(A).
Proof. By assumption A is contained in some cylinder C R , which is fiberwise convex and weakly closed. The intersection of all fiberwise convex and weakly closed subsets containing A, which is fiberwise convex and weakly closed, is the sought-after set.
Given a continuous map p : Y → X and a Hilbert bundle π : E → X, the pull-back bundle p * E is the Hilbert bundle over Y defined as
Its bundle projection is the restriction of the first projection. Its topology is the subspace topology. We denote by P : p * E → E the map defined by P (y, u) = (p(y), u). We leave to the reader to check that, when X and Y are locally compact spaces, (p * E) σ = p * E σ , i.e. the weak topology of p * E agrees with the subspace topology of Y × E σ .
Proposition 2.10. Let X, Y be locally compact spaces and let p : Y → X be continuous and open. Let E be a Hilbert bundle over X and let F = p * E be its pull-back over Y . If A is a bounded subset of E, then B = P −1 (A) is a bounded subset of F and conv(B) = P −1 (conv(A)).
Proof. It is clear that the range of the norm function is the same on A and on B. Suppose that C is a fiberwise convex and weakly closed set containing B. Consider its contraction
It is fiberwise convex, because an intersection of convex sets is convex. I claim that it is weakly closed. Suppose that the net (
. Let V be a compact neighborhood of y ′ . According to [10, Proposition II.14.1], the sums of continuous sections of the form f (y) = h(y)g • p(y) where h ∈ C(V ) and g ∈ C(p(V ), E) are dense in C(V, p * E) in the sup-norm topology; therefore, it suffices to check the convergence on such a section f = hg • p. Then (u i |f (y
). Since C is weakly closed, (y ′ , u) belongs to C. Therefore (y, u) belongs to C ′ as claimed. Note that P (C ′ ) is fiberwise convex and bounded. It is also weakly closed: let (y i , u i ) be a net in C ′ such that (p(y i ), u i ) converges to (x, u). Let y ∈ Y such that p(y) = x. There exists a net (y ′ i ) converging to y such that p(y ′ i ) = p(y i ) for all i. Then (y ′ i , u i ) belongs also to C ′ and the net (y ′ i , u i ) converges to (y, u). Thus (y, u) belongs to C ′ and (x, u) belongs to P (C ′ ). Since P (C ′ ) contains A, it contains conv(A). Therefore C ⊃ P −1 (P (C ′ ) contains P −1 (conv(A)). This gives the inclusion conv(B) ⊃ P −1 (conv(A)). On the other hand P −1 (conv(A)) is a subset of F containing B which is fiberwise convex and weakly closed. Hence it contains conv(B).
Let us assume now that E is a G-Hilbert bundle, where G is a topological groupoid over X. Recall that we assume that for all γ ∈ G, L(γ) : E s(γ) → E r(γ) is a linear isometry and that the action map G * E → E is continuous. We are also given a continuous cocycle c : G → r * E which defines the affine isometric action of G on E given by:
Proof. Let f ∈ C(X, E). We have
. By joint continuity of the scalar product in E, (c(γ i )|f • r(γ i )) tends to (c(γ)|f • r(γ)). Hence the result.
We say that a subset A of E is invariant if for every (γ, u) ∈ G×A such that s(γ) = π(u), γu belongs to A. Let us introduce the pull-back s * E = G * E of E along the source map s : G → X and the map W : s * E → s * E defined by W (γ, u) = (γ −1 , γu). This map is the fundamental involution of the action which is ubiquitous in the theory of quantum groups. For its use in a similar context, see [13, Section 4] . Let also define the map S : s * E → E by S(γ, u) = (s(γ), u). Then, we have the following convenient criterium for invariance.
Lemma 2.12. A subset A of E is invariant if and only if
Proposition 2.13. Let E be a G-Hilbert bundle, where G is a locally compact groupoid. We consider the affine isometric action of G on E defined by a continuous cocycle c :
Proof. The fundamental involution W : s * E → s * E sends the fibre E γ = E s(γ) onto the fibre E γ −1 = E r(γ) through the affine map u → γu. Therefore, it respects fiberwise convex sets. It also sends bounded weakly closed sets onto weakly closed sets. Suppose indeed that B ⊂ s * E is bounded and weakly closed. Let (γ i , u i ) be a net in W (B) converging weakly to (γ, u). Then (γ i ) converges to γ; in particular, the net ( c(γ i ) ) is bounded. The net ( γ i u i ) is also bounded because (γ
Since B is weakly closed, (γ −1 , γu) belongs to B and (γ, u) belongs to W (B). Therefore, if B is a bounded subset of s * E, W (conv(B)) is a fiberwise convex weakly closed set containing W (B). This shows that the convex hull conv(W (B)) exists and is contained in W (conv(B) ). If moreover W (B) is bounded, the same argument gives conv(B) ⊂ W (conv (W (B)) ), hence the equality conv(W (B)) = W (conv(B) ). Applied to B = S −1 (A), where A is an invariant bounded subset of E, this gives conv(W (S −1 (A))) = W (conv(S −1 (A))). Since W (S −1 (A)) = S −1 (A), we get conv(S −1 (A)) = W (conv(S −1 (A))). Since, according to Proposition 2.10, conv(S −1 (A)) = S −1 (conv(A)), this gives the invariance of conv(A).
We are now ready to prove the existence of a weakly continuous equivariant section.
Theorem 2.14. Let G be a minimal locally compact groupoid on a compact space X, let E be a continuous G-Hilbert bundle and let c : G → r * E be a continuous cocycle. If there exists x ∈ X such that c(G x ) is bounded, then there exists a weakly continuous section
Proof. This part follows closely [6] . We consider the affine action of G on E defined by the cocycle c. The assumption is the existence of a bounded orbit A. The conclusion is the existence of a weakly continuous equivariant section. Proposition 2.13 gives the existence of a non-empty weakly closed, fiberwise convex, invariant and bounded subset, namely conv(A). Since X is compact, according to Corollary 2.8, this set is weakly compact. The family of all weakly compact fiberwise convex and invariant non-empty subsets of E ordered by inclusion is inductive. By Zorn's lemma, there exists a minimal weakly compact fiberwise convex invariant non-empty subset M. Then π(M) is a nonempty closed invariant subset of X. By minimality of G, π(M) = X. This says that for all x ∈ X, the fiber M x = M ∩ E x has at least one element. We are going to show that M x has at most one element. This is a classical trick which uses the uniform convexity of the Hilbert spaces E x . Hilbert spaces have the uniform convexity module δ = δ(ǫ) = (1 − 1 4 ǫ 2 ). Recall that this means that for u 1 , u 2 ∈ E x ,
We fix ǫ > 0. We let R = sup u∈M u and choose
Let x be an arbitrary point in X and assume that u 1 , u 2 belong to the fiber M x . The midpoint m = 
If not, this orbit would be contained in the fiberwise convex weakly closed subset M \ U and so would be its convex hull. This would contradict the minimality of M because M \U is strictly contained in M: it does not contain u. Thus, there exists γ ∈ G x such that γm ∈ U. Then, we must have γm > (1 − δ)R. Since G acts by affine transformations, γm is the midpoint of γu 1 and γu 2 . Moreover, since these points belong to M, they satisfy γu i ≤ R. The above uniform convexity condition implies that γu 1 − γu 2 < ǫR. Since G acts by isometries, this implies that u 1 − u 2 < ǫR. Since ǫ is arbitrary, this implies
Thus, the restriction of the bundle projection π |M : M → X is a bijection. Since it is weakly continuous and M is compact with respect to the weak topology of E, its reciprocal map f : X → M is weakly continuous. The invariance of M says exactly that for all γ ∈ G, γf • s(γ) = f • r(γ).
3. Continuity of G-equivariant weakly continuous sections.
As before, we assume that the base space X of the Banach bundle E is locally compact. We are going to show that an equivariant weakly continuous section is norm continuous. Again, it is an adaptation of the proof given in [6] . However, it is no longer possible to use the oscillation function as in [6] : for a section f : X → E of a Banach bundle, one cannot compare directly the vectors f (x) and f (y) for x = y since they belong to different spaces.
Definition 3.1. We define the module of continuity of a section f : X → E at x as ω(x) = inf{sup y∈V f (y) − g(y) }, where the infimum is taken over all pairs (V, g), where V is an open neighborhood of x and g : V → E is a continuous section over V . Proposition 3.1. Let f : X → E be a section of a Banach bundle π : E → X and x ∈ X. Then the following conditions are equivalent:
(ii) its module of continuity at x vanishes.
Proof. This is a corollary of [10, Proposition II.13.12]; this can also be seen directly from the comments following Definition 1.1. Proposition 3.2. Let f : X → E be a section with module of continuity ω and let U = {x ∈ X : ω(x) < ǫ}, where ǫ > 0. Then,
(ii) If f is G-equivariant with respect to a continuous affine isometric action of a topological groupoid G, then U is G-invariant.
Proof. The first assertion results directly from the definition of the module of continuity ω(x): if x ∈ U, there is a pair (V, g) where V is an open neighborhood of x such that f (y) − g(y) < ǫ for all y ∈ V . Then V is contained in U. Let us prove (ii). Let γ ∈ G. We assume that s(γ) ∈ U and we will show that r(γ) ∈ U. We fix ǫ ′ such that ω(s(γ)) < ǫ ′ < ǫ. Then there exists an open neighborhood V of s(γ) and a continuous section g : V → E such that for all y ∈ V , f (y) − g(y) < ǫ ′ . Let us defineh :
Sinceh is a continuous section of the pull-back bundle r * E, according to [8, Section 5] , there exists an open neighborhood S ⊂ G V of γ and a continuous section h : r(S) → E such that for all γ ∈ S, we have h (γ) − h • r(γ) < δ. Then, for all x ∈ W = r(S), we have:
This shows that ω(r(γ)) < ǫ and r(γ) ∈ U.
Corollary 3.3. Let f : X → E be a G-equivariant section of a Banach bundle E endowed with an affine isometric continuous action of a topological groupoid G. Then the set of points of continuity of f is a countable intersection of open invariant subsets.
Proof. We define U n = {u ∈ E : ω(u) < 1/n}. Then, we just observe that the set of points of continuity of f is the intersection of the U n 's.
Corollary 3.4. Let f : X → E be a G-equivariant section of a Banach bundle E endowed with an affine isometric continuous action of a topological groupoid G. If G is minimal, either f is continuous or has no point of continuity.
Proof. If f has at least one point of continuity, the U n 's are non-empty. By minimality, they are all equal to X. Therefore the set of points of continuity of f is X.
Let us recall a general property of Hilbert C*-modules over C*-algebras.
Proposition 3.5. [2, Theorem 3.1] Let E be a C*-module over a C*-algebra A. Then there exists a directed set I, a net of integers (n i ) and nets of contractive A-linear maps ϕ i : E → A n i , of the form ϕ i (f ) = (< g i,1 , f >, . . . , < g i,n i , f >) with g i,1 , . . . , g i,n i ∈ E, and ψ i : A n i → E such that for all f ∈ E, ψ i •ϕ i (f ) tends to f . Moreover, if E is countably generated, one can choose I = N.
Note that the maps ϕ i and ψ i of the above proposition are adjointable maps from a C*-module to another C*-module. Corollary 3.6. Let E → X be a Hilbert bundle. Assume that X is compact and that the bundle space E is second countable. Then the set of points of continuity of each weakly continuous section f : X → E is a dense G δ .
Proof. We apply Proposition 3.5 to the C*-module E = C(X, E) over the C*-algebra A = C(X). According to [10, Proposition II.13 .21], it is countably generated. Because the functor E → C(X, E) gives an equivalence between the category of Hilbert bundles over X and the category of Hilbert C*-modules over C(X), we obtain a sequence of continuous bundle maps ϕ i : E → X × C n i and ψ i : X × C n i → E such that for all u ∈ E, ψ i • ϕ i (u) tends to u.
Let f be a weakly continuous section of E. Then ϕ i • f : X → X × C n i , which is of the form x → (x, ((g i,1 (x)|f (x)), . . . , (g i,n i (x), f (x))), where g i,1 , . . . , g i,n i ∈ C(X, E), is continuous. Therefore f is the pointwise limit of the sequence of the continuous sections f i = ψ i • (ϕ i • f ). Our assumption implies that X is compact and second countable, hence metrizable. The space E is also metrizable since, according to [8] , it can be embedded into a trivial bundle X × F , where F is a Hilbert space. According to a theorem of Baire, the set of points of continuity of f : X → E is a dense G δ .
Corollary 3.7. Let E → X be a Hilbert bundle endowed with an affine isometric continuous action of a topological groupoid G. Assume that X is compact, the bundle space E is second countable and G is minimal. Then each G-equivariant section f : X → E which is weakly continuous is necessarily strongly continuous.
Proof. Corollary 3.6 shows that f has at least one point of continuity. Corollary 3.4 says then that f is continuous at all x ∈ X.
Concluding remarks
C. Anantharaman-Delaroche gives in [1, Theorem 3 .19] a measure theoretic version of Theorem 1.3. Her proof is based on the "lemma of the centre" [4, Lemma 2.2.7]. Let us assume that E is a continuous G-Hilbert bundle and c : G → r * E is a bounded continuous cocycle. Then we can define for all x ∈ X, f (x) as the centre of c(G x ). Then, since L(γ) is an isometry from E s(γ) to E r(γ) , we have c(γ) = f •r(γ)−L(γ)f •s(γ) for all γ ∈ G. In the measure theoretical framework, f is measurable; however, its continuity is problematic (see [6, Example 17] ).
J.-L. Tu shows in [16, 3.3] that, just as in the case of groups, every conditionally negative type continuous function ψ : G → R on a topological groupoid G is of the form ψ(γ) = c(γ) 2 , where c : G → r * E is a continuous cocycle of a continuous G-Hilbert bundle E. Theorem 1.3 shows that the condition that every conditionally negative type continuous function is bounded has the same cohomological interpretation for groupoids as for groups.
